CHAPTER #01

HYPERBOLIC FUNCTIONS,
HIGHER ORDER DERIVATIVES,
LEIBNITZ THEOREM,
TAYLOR’S THEOREM



EXample #U1

If y = log(tanx),prove that
(1) 2coshny cosec2x = cosh(n+1)y + cosh(n — 1)y
(iD)2sinhny cot2x = cosh(n - 1)y — cosh(n +1)y
solution y = |og(tanx) therefore tan x=e’andcotx=e""’
¢i) cosh(n+1)y + cosh(n — 1)y =
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Example#02 Prove that cosh’ x=
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Example#3

For real z prove that sinh™ z = lng(:: +z2h + l]

: Let sinh™ z=x. Then sinhx=z.
Solution

R P S
:53:5][1]‘11: - 2 =

- e —2ze" —1=0,
Which Is a guadratic equation In e?
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Therefore, &" = > vzt +1.

By taking positive sign,

L e =1+ 2 +1

== lng[z +Jﬁ)

Therefore, sinh™ z = lﬂg(z +yz +1}.



Example#4

Prove that cnsh‘.' 1+ x? ;tanh"( - ]
[ )= | s
Solution Let cosh™ («]I+.x] Y. Then 1+ x* =cosh y

= 1+ x> =cosh? y
Hence, cnsh‘IxJHx )—tanh[ X }

«J‘l+x”

= x” =cosh® y=1=sinh? y

= x=sinhy
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Example#5
Find n" order d tive of
ind n™" order derivative o J" I3 +6T

Solution

+11x+6
2 +6x" +11x+6 =x* (x+1)+5x(x+1)+6(x+1)

=(x+1)(x* +5x+6)

=(x+1)(x+2)(x+3).

1 A, B ¢
o )(x42)(x+3) (x41)  (x42)  (x43)

=>1—A{x+2](x+3)+B{x+1}fx+3‘1+cf;:lc+mx+zl
Puttingx=-1, -2, -3, we have A= =5 B=-1], C-E respectively.
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Differentiating n times , we get (-1)"n _(-—l)"n! N (~1)" n!
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Example#6
Find nt order derivative of Y=e" sin" x
Solution Here y=e*sin® x=¢* (sinz .t)l =e“[
=%e“ tl—Zcos 2x+cos’ 23:]
=%e“ 1-2cos2x+

=%e" [3-4cos2x+cosdx]
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Differentiating n times , we get ¥, -§[3 1"e" —4e" (1+4)" cos(2x+ntan” (2))

+e* (1+16)* cos(4x+n iﬂﬂ']_ H))]
=i;-[3—4-55 cos(2x-+ntan™ (2))

+17% cos (4:::} ntan™ (4))]



Example#7

Find the n™ order derivative of y = x2 log(3x + 5)

Solution Let wu=Ilog(3x+5), v=x._ )
Now differentiating equatmn (1} n tlmes with respect to xand applwng

Leibniz’s Rule, we have,
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Example#8

If y=sin™ x (orx=siny), prove that
(i}(l_f)yz -x% =0,
(i) (1= 2*) y,.. = (2n+1) x3,, =" 3, =0,
solution Here, y = sin"! x

Differentiating with respect to x, we get
1

= 2
| .| 1—1’2
Squaring buth.s'ides, we héve,- -
| | (1-%%) 3 =1.




Again differentiating with respect to x, we get,
(l—x2)2y1y1+yf (=2x)=0.
Dividing both sides by2y,,
(1—.1'3) y, —xy,=0.

Now differentiating n times with respect to x and applying  Leibniz’s

Rule, we get,
nin-1
(1-%%) yppp 0 (=2x) y,,, + ( 7 )(-2’ )y,
+04+04 -+ o +0—,i:yn+, —n(l)yn -0=-0-.---0=0.

= (1=2%) ¥y, —(2n+1)1,,, -y, =0.



Example#9
Find the Maclaurin’s series expasion for the function f(x)=cosx

Solution Let f(x)=cosx. Then f(0)=cosO=1

leferen-.latmg n t|rnes w.r.t. x and using I:he standard result_ |
f{":' (.I) = COS (,;[ + ﬁi‘) and f{’:‘} (0) = CGS(%)
Now for n=1,2,3,4,5,.. , we get,

f{'](0)=tus§=0,_ f‘i}{{])-;cns;?:— fm{ 0)=c

ulh‘l"
]

f“} (0) =cos2m =1, ... respectively.

Thus, the Maclaurin’s series of f(x} =COoSx iS}.
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Example#10
Find Maclaurin’s series of f(x) = coshx

. | Q.
Solution As we know that cnsh.r-,':E(e +e
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